On The Sub-Mixed Fractional Brownian Motion 



Charles El-Nouty and Mounir Zili 

^j : March 8, 2013 

O 

^ ■ Abstract 

Q\ ' Let {S^ 1 , t > 0} be a linear combination of a Brownian motion and of an in- 

dependent sub- fractional Brownian motion with Hurst index < H < 1. Its main 
■ properties are studied and it is shown that S H can be considered as an interme- 

diate process between a sub-fractional Brownian motion and a mixed fractional 
Brownian motion. Finally, we determine the values of H for which S H is not a 
semi- martingale. 
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1 Introduction 

On 

Let {Bt,t G R} be a fractional Brownian motion (fBm) with Hurst index < < 1, 
V£j | i.e. a centered Gaussian process with stationary increments satisfying Bq = 0, with 
probability 1, and ¥,(Bf) 2 = \ t \ 2H ,t G R. We obviously have for any real numbers t 
and s 

•l-H 1 

^ : (i.i) co, (<, Bf ) = i (i t r + 1 s r - 1 * - s r) . 

Consider {B t , t G M} an independent Brownian motion (Bm) and (a, b) two real num- 
bers such that (a,b) ^ (0,0). 

The mixed-fractional Brownian motion (mfBm) is an extension of a Bm and a fBm. 
It was introduced in [3] in order to solve some problems in mathematical finance, such as 
modelling some arbitrage- free and complete markets. The mfBm M H = {Mf 1 (a,b);t > 
0} = {M^ 1 ; t > 0} of parameters a, b and H is defined as follows: 

Vt G R+, Mf = M t H (a, b) = aB t + b B? . 

We refer also to [5] and [12] for further information on this process. Let us recall some of 
its main properties. 



Lemma 1 The mfBm (M t (a, b))teR+ satisfies the following propert- 



ies: 



• M is a centered Gaussian process. 



Vs G R+,Vt G R+, 

6 2 



2H 



Cov(M? (a,6),Mf (a, 6))) = a 2 (t A s) + y(i 2fl + s 2H - | t-s 

where t A s = — (t + s— \ t — s \ 

• The increments of the mfBm are stationary. 

In [2], the authors suggested a second extension of a Bm, called the sub-fractional 
Brownian motion (sfBm), that preserves most of the properties of the fBm, but not the 
stationarity of the increments. It is the stochastic process £ = {£ t ; t > 0}, defined by: 

(i.2) v* g m+, ef = * - , 

This process arises from occupation time fluctuations of branching particle systems 
with Poisson initial condition (see [2]). Let us state some results on the sfBm. 

Lemma 2 The sfBm (^)teR + satisfies the following properties: 

• £ H is a centered Gaussian process. 

• Vs G R+,Vi G R+, 

cov (ef , ef ) ) = + - ~ ((- + tr+ \t- s \* H ). 

• T/ie increments of the smfBm are not stationary. 

We can easily remark that, when H = 1/2, £ x / 2 is a Bm. 
We refer to [21 El [11] for further information on this process. 

In the spirit of [2] and [12], we introduce a new process, that we will call the sub-mixed 
fractional Brownian motion (smfBm). More precisely, the smfBm of parameters a, b and 
H, is a process S H = {S?(a, 6); £ > 0} = {Sf ; t > 0}, defined by: 



v2 



(1.3) Vt G M+, Sf = (a, 6) = — " w - v f =5i = a & + 6 £ 

where £ is a Bm, obviously independent of £ H . 

When a = and 6=1, 5^ = £ H is a sfBm. When a = 1 and 6 = 0, S H = £ is a Bm. 
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So the smfBm is clearly an extension of the sffim and the Bm. This is the flavor of 
this process. We will show first that it has the same properties as the sfBm. Then, we will 
prove that it has also some of the main properties of the mfBm, but that its increments 
are not stationary; they are more weakly correlated on non-overlapping intervals. Hence 
S H may be considered as being intermediate between the sfBm and the mfBm. This is 
why we call it the smfBm. 

The aim of this paper is to study on one hand some key properties of the smfBm and 
on the other hand its martingale properties. The motivation of the authors is to measure 
the consequences of the lack of increments stationarity. 

In section 2, the main properties of the smfBm are studied, namely: 

• the mixed-self-similarity property (see [T2]). 

• the non Markovian property, 

• the increments non stationarity property, 

• the correlation coefficient and the influence of the parameters a and 6 on it, 

• the comparison between the mfBm and the smfBm covariance properties. 
Finally it is shown in section 3 that the smfBm is a semi-martingale if and only if 



2 Main properties 
2.1 Basic properties 

The following lemmas describe the basic properties of the smfBm. 
Lemma 3 The smfBm (S^(a, 6)) tg R + satisfies the following properties: 

• S H is a centered Gaussian process. 

• Vs G R+, Vt G K+, 



6 = or He {1/2}U]3/4,1[. 



(2.1) 






+ s 



2H 



\ ((s + t) 2H + \ t-S 



2H 



) 



) 



(2.2) 
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Proof. It is a direct consequence of lemma [2j ■ 

Notation. Let (X t ) t6R+ and (Y t ) te ^ + be two processes defined on the same probability 

space (Q,F,F). The notation {X t } — {Y t } will mean that (X t ) t6K+ and (Y t ) teK+ have the 
same law. 

Let us check the mixed-self-similarity property of the smfBm, which was introduced 
in [12] in the mffim case. 



Lemma 4 For any h>0, {S%(a,b)} = |sf (a/i 1/2 , }. 

Proof. For fixed h > , the processes {S^ t (a,b)}, and ^Sf (ah 1 / 2 , bh H j | are centered 

Gaussian. Therefore, one has only to prove that they have the same covariance function. 
We have for any s and t in R + : 



Coo(S%(a,b),S£(a,b)) = (h^a) 2 (s At) 

+ {h H bf (t 2H + S 2H -\ ((S + tf H +\t-8 \ 2H )) 

= Cov ( Sfiah 1 / 2 , bh H ), S»{ah 1 ' 2 , bh H ) 



This ends the proof of the lemma. 



Lemma 5 For any H G 

process. 



0,1 



\ j| j ; a G R and 6 G R* ; (Sf 1 (a,b))teR + ^ s n °t a Markovian 



Proof. By lemma [31 S 1 is a centered Gaussian process such that E (5f ) > for all 
£ > 0. Then, if were a Markovian process, according to [9], for all < s < t < u we 
would have: 



(2.3) Cov (Sf, S* ) Cot; (sf , Sf ) = Cot; (sf , Sf ) Cov (s*, S* 

We get by lemma [31 

Cot; (sf , Sf ) = a 2 , + + 6 2 (> - I (t + s) 2 " - ^ (f - , 

Cou(s?,S?) = a 2 t + b 2 {2-2 2H - 1 ) t 2H , 

Cou(s?,S?) = a 2 t + b 2 t 2H + b 2 [u 2H - l -( u + t) 2H -l( M -t) 2 ^, 

Cot; (fif , 5?) = a 2 s + 6 V" + 6 2 (V - i (tt + s) 2H - ~ (u - s) 2H ^j 

Let s be fixed and set u = e*. When i — >■ +oo, Taylor expansions yield 
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I' 2 " - \ (t + sf H -\{t- sf H = -H (2H 1) ~ TTT o 



f2-2H ' I f2-2H 



and 



u 2H - ; (u + *r - ; (« - *r = m - 1) -t^w + ° 



1 , \ 2// 1 / ,N.2iT .st 2 ( t l 



(2-2H)t ' I e {2-2H)t 



Therefore, for (h,x) G {(s, t), (t, u), (s, u)} 

1 



lim (x 2H --(x + hf H -~{x- hf H | 0. 



To verify (12. 3p . a necessary condition is that, when b ^ 0, 



that is 



lim ( Cot; ( Sf , S? ) Cot; ( Sf , S? )-Cov( Sf , Sf ) Cot; ( Sf , 5* 



( a 2 s + 6 V") ^ ^ fl 2 t + ^2 ( 2 _ 2 2H-1) ^ _ ^ + ^HJ) = Q 



The last equality is satisfied when 



2 _ 2 2i/-i = l ^ H = 



The proof of lemma [5] is complete. ■ 

Proposition 6 Second moment of increments: 
We have for all (s,t) G M 2 ,, s <t, 



(2.4) 



E(s t H (a, b) - Sf (a, 6)) 2 = a 2 (t - s) 
+ b 2 ( - 2 2H -\t 2H + s 2H ) + (t + s) 2H + {t- s) 2H 



(2.5) a 2 (t-s) + b 2 1 (t-s) 2H < E(s?(a,b)-S?(a,b)y <a 2 (t-s) + b 2 v(t-s) 2H , 



where 



2-2 211 - 1 if H > 



7 = < 



1 if H<-, 



and 



v = < 



1 if H> 
2-2 2H - 1 if H < 



Proof. Equality (12 Ah is a direct consequence of equalities (12. ip and (\2.2h . So let us check 
the inequalities (12. 5p . Setting 



(2-6) 



A{s,t) 



t + s 



2H 



f 2H + g 2H 



we can write 



(2.7) E(S? (a, b) - Sf (a, 6))' - a 2 (t - s) = b 2 Ut - s) 2H + 2 2H A(s, t) 

We get by convexity that, if H < |, then A(s,t) > and consequently 

(2.8) a 2 (t -s) + b 2 (t- s) 2H < E(s?{a, b) - S'f (a, 

and if if > -, then A(s,t) < and consequently 

(2.9) a 2 (t-s) + b 2 (t-s) 2H > E(s*(a,b)-S*(a,b)y. 
To complete the proof of proposition [61 we need a technical lemma. 



Lemma 7 Consider, for any s > 0, the function f defined as follows 



f{x) = -2 2M - L ((x + sj 2H + s 2H ) + (x + 2sf H - (1 - 2 5 "*- 1 ) a; > 0. 

If H < |, / is a negative decreasing function, whereas, if H > | ; / zs a positive increasing 
one. 

Proof, (of lemma H) It is clear that /(0) = 0. We get for x > 

/'(x)=i7x 2H - 1 ( ? (x), 



where 



/e \ 2.H-1 /9s \ 2.H-1 

^(x) = -2 2 ^(- + l) +2(- + l X 



(2-2 



2/A 



We have 



X 2 \ \x 



2H-2 /9 c \2H-2 

-4f- + l X 

V x 



Let us consider the two following cases: 

Case 1: H < |. Since 2H — 1 < 0, 2 - 2 2H > and consequently 
lim g(x) = -(2 - 2 2H ) < and lim g(x) = 0. 

Set 

l J 2 S + x + r 



Since £ increases from | to 1, £ 2H_2 decreases from 2 2 ~ 2H to 1. Then £(x) 2H ~ 2 < 2 2 ~ 2H , 
which is equivalent to 

/ <j \2H-2 /9c \2H-2 

22 1; + 1 ) - 4 (l + 1 ) £0 < 

and consequently > 0. Since g increases from — (2 — 2 2H ) to 0, g(x) < and therefore 
f'{x) < 0. Hence / decreases and f(x) < 0. 

Case 2: H > |. Following the same lines as in case 1, we get < 0. Since the 

function g decreases from —(2 — 2 2H ) to 0, / increases and f(x) > 0. This completes the 
proof of lemma [7J 

■ 

Combining ( 12. 81) and ( 12. 9ft with ( 12. 71) and lemma UJ we complete the proof of proposi- 
tion El 



Remark 8 As a consequence of proposition® we insist on the fact that the smfBm does 
not have stationary increments, but this property is replaced by inequalities Ii2.5\) . 

2.2 Study of the correlation coefficient of the smfBm increments 

Notation. Let X and Y be two random variables defined on the same probability space 
(fi,F,P) such that V(X) x V(Y) ^ 0. We denote the correlation coefficient p(X,Y) by: 

^nxj^/W) 

Lemma 9 We have for a G R, b G R*,s G R + ,t G K + andh G M + suc/i taatO < h < t-s, 



(2.10) p(yS^ + h St i Ss+h 



l(s,t, h) 



^(2^h + a(s,h^(2^h + a(t,h) 



where 



-y(s,t,h) = I (t - s + h) 2H - 2{t - s) 2H + (t - s - h) 2H 



- (t + s) 2H + 2(t + s + h) 2H ~(t + s + 2h) 2H 
and a(s, h) = -2 2H Us + h) 2H + s 2H ^j +2(2s + h) 2H + 2h 2H . 



Proof. We have by equality (12.41) 



E(s%_ h -S?y = a 2 h + b 2 (-2 2H ~ l ((t + h) 2H + t 2H ^ 



(2.11) 

V ; + (2t + h) 2H + h 2H 

= a 2 h + YCe(t,h). 

Recall that a Bm has independent increments and that the processes £ H and £ are 
independent. Then, we have 

cov (s» h - s? , s? +h - s?) = b 2 cov - g, - e) , 

and we get by using lemma [2] 



j 1 

(2.12) Cov(s? +h - Sf,Sf +h - Sf) = - j(sAh). 

Combining (12.111) with (I2.12p . we complete the proof of lemma [9j 
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Corollary 10 Let a E K and b e M* . Then, the increments of (S^(a, 6)) t£ R + are pos- 
itively correlated for - < H < 1, uncorrelated for H = -, and negatively correlated for 

<H<\ 

Proof. Let us write the function 7 given in (12.101) as 

7 (s,t, h) = f(t-s)-f(t + s + h), 
where / : x 1 — > (x + h) 2H — 2x 2H + {x — h) 2H . We have for every x > 

f(x) = 2H[{x + h) 2H - 1 - 2.x 2 "- 1 + (x - h) 211 - 1 ^. 

The study of the convexity of the function x 1 — > x 2H ~ l enables us to determine the 
sign of /' and therefore the monotony of /. This ends the proof of corollary [TU1 
■ 

As a direct consequence of lemma [HI we get the following corollary. 
Corollary 11 Assume that b 7^ 0. Then, \ p(^S^ h — Sf 1 , S^ +h — S^j \ is a decreasing 

2 

function of % . 

Thus, to model some phenomena, we can choose the parameters H, a and b in such 
a manner that {S^(a,b), t > 0} yields a good model, taking the sign and the level of 
correlation of the phenomenon of interest into account. For example, let us assume that 
the parameters H and a are known with H > 1/2, and b 7^ is not known. Combining 
corollary [10] with corollary [TTJ we obtain that the correlation of the increments of Sh 
increases with 16 1. 
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2.3 Some comparisons between mfBm and smfBm 

Set for any s, t > 

R H (s,t) = Cov^M t H {a,b),Mf{a,b)^j and C H (s,t) = Cav(sf{a,b),Sf(a,b)\ 
Let us compare Rh and C#. 



Lemma 12 • C H (s,t) > 0. 

• J/ff > i C H (s,t) <R H (s,t). 

• //'//-I. (", ,(-./)- 

• 7/#<^ CWM)>^M)- 
Proof. 

Let us show the first assertion. We have by equality ( 12. 4ft 



2 



2 2H (f 2H + S 2H } + 2 (t + s) 2H + 2 | t- S J = e(S?(0, 1) - Sf (0, 1))' > 0. 



Thus, we get for every < s < t' 

2 + S ')2H + 2 (t'- s'f H > 2 2H (t 2H + s 2H ). 
By applying this inequality with t = t + s and s = t — s, we obtain 

2(^ + S 2H ) > (t + s) 2H + (t-s) 2H . 
This implies by equality ( 12. ip that C#(s, i) > 0. 

For the next three assertions, we observe that, by using the expressions of Ch and 

CW(s, f) - R H (s, f) = - (t 2H + s 2H -{ 8 + t) 2H ) . 

When H=\, C 1/2 = R x / 2 . When H / ± set it = f , < it < 1. We get 

6 2 

C , H(s,t)-i?^(s,t) = -t 2 ^^(M), 
where g-(tt) = 1 + u 2H - (1 + u) 2H . 

The study of the function g completes the proof of the lemma. 
■ 

Let us turn to the expressions of the covariances of the mfBm and the smfBm incre- 
ments on non-overlapping intervals. To this aim, denote for 0<u<v<s<t, 

R u ,v,s,t = Cov (M? (a, b) - M* (a, 6), M t H (a, b) - M? (a, 6)' 

and 

C u>v>Sjt = Cov(s^(a,b) - S*{a,b),S*(a,b) - Sf {a,b) 
We deduce easily from lemma [Hand lemma [3] the following result. 
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Lemma 13 We have 



(2.13) R mt = £((*- uf H + (s - v) 2H -(t- v) 2H - (s - u) 2H ) , 



C mt = %{{t + u) 2H + (t- u) 2H + (s + v) 2H + (s- v) 2H 
(2.14) 2 V 

- (t + v) 2H -(t- v) 2H -(s + u) 2H - (s - u) 2H ^j . 

Let us show that the covariances of the mfBm and the smfBm increments on non- 
overlapping intervals have the same sign but, those of the smfBm are smaller in absolute 
value than those of the mfBm. 



Corollary 14 We have for 0<u<v<s<t, that R u , v ,s,t an d C u>VyS)t are strictly 
positive (respectively strictly negative) for H > 1/2 (respectively H < 1/2). Moreover, 
C u , v , s ,t < R u ,v,s,t (respectively >). 

Proof. First, we have 0<u<v<s<t 

b 2 ( \ 
R u ,v,s,t = — [gi(v)-gi(u)j, 

where gi(x) — (s — x) 2H — (t — x) 2H , u < x < v. 
We have 

g[(x) = 2H {-{s - x) 2H - 1 + (t- x) 2H -^ . 

When H < 1/2, g\ < 0. Then g 1 decreases and therefore R u , v ,s,t < 0. When H > 
1/2, g 1 > 0. Then g 1 increases and therefore R uv , s ,t > 0. 

Next we have for0< u < v < s < t 

b 2 ( \ 
C u>v>s ,t = 2" \92{t) ~ 92{s)j 

where g 2 (x) = -(x + v) 2H - (x - v) 2H + (x + u) 2H + (x - u) 2H , s < x < t. 
We have 

g' 2 (x) = 2H (g 3 (u) -g 3 (v^j, 

where g 3 (y) = (x + y) 2H ~ l + (x - y) 211 ' 1 , u<y <v. 
We have 

g 3 '(y) = (2H - 1) ((* + y) 2H ~ 2 - (x - y) 2H ~ 2 ) . 

When H < 1/2, g' 3 > 0. Since g 3 increases, g 2 < and therefore g 2 decreases. Thus 
C u ,v,s,t < 0. When H > 1/2, g' 3 < 0. Since g 3 decreases, g' 2 > and therefore g 2 increases. 
Thus'c W)t > 0. 
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Finally let us denote by D(U, v, s, t) the quantity denned as follows 

D u ,v,s,t Cu,i;,s,t Ru,v,s,t 

(2.15) = b 4 ((t + u) 2H -(t + v) 2H + (s + v) 2H -(s + u) 2H 

= y (g A (t) - 9a(s) 

where g±(x) — (x + u) 2H — (x + v) 2H , s < x <t. 

Let us remark that, when H > 1/2, g 4 decreases, and when H < 1/2, g 4 increases. 
This ends the proof of the lemma. 



Corollary 15 We have 



• lim R uv st = if and only if < H < ~ . 

s.t— s>+oo ' ' ' ' 1 

• For every < H < 1, lim C UtVtSt = 0. 

s,t— >+oo 

Proof. Combining (12.131) with Taylor expansions, we have as s,t — > +oo, 

R u ,v,s,t = b 2 H (v-u) {-^h-^h) +0 (^) 
which proves the first assertion of the corollary. 

Let us turn to C Ui „,s,t- Combining (12.141) with Taylor expansions, we have as s, t — > + 

oo, 

C mt = b 2 H (2H - 1) (v 2 - u 2 ) {-^ - + o(p^) + o(^ W ), 

which completes the proof of corollary [15j 
■ 

In the next lemma, we will show that the increments of the smfBm on intervals [it, u+r] 
and [u + r, it + 2r] are more weakly correlated than those of the mfBm. 



Lemma 16 Assume H ^ 1/2. We have for u > and r > 0, 



(2-16) |p(sf +r - SS , S» +2r - S» +r ) | < \p(M*r - M», M» +2r - Mf +r ) 

Proof. Combining the definition of R UtVtS ,t with ( 12 . 13j) . we get 



p(M* +r -M*,M« +2r -M, 



H 

u+r 



Ru,u-\-r,u + r,u-\-2r 



(2.17) 



y/V(M? +r -Mff) V(M« +2r -M* +r ) 
b 2( 2 2H-l_ 1 ) r 2H 

V(M» +r -M«)V(M* +2r -M» 
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Moreover, we get by lemma [T] 
(2.18) V(M» - ) = V(M» - M» +r ) = V(M r H ) = a 2 r + b 2 r 2H . 



Then, combining ( 12.17ft with ( 12. 18ft . we have 
(2- 19) p (M» +r - M», M» +2r - M» +r 



b\2 2H - 1 - l)r 



2H 



cr r 



+ b 2 r 2H ' 



Let us turn to p(^S^ +r — , S^ +2r — S^ +r j . We have 

(2.20) p{^>u+2r ~ ^u+ri $u+r ~ $u 



■r,u+r,u+2r 



Let us consider the two following cases. 
Case 1. H < h 



(2.21) 



By using (I2.19P and ( I2.20p . we can rewrite inequality (I2.16P as follows: 

C u ,u+r,u+r,u+2r 



,u+r,u+r,u+2r 



< 



a? r 



-\-b 2 r 



2H 



Note that by corollary [TH and equality fl 2 . 1 5 [) 



C u ,u+r,u+r,u+2r 



Ru,u+r,u+r,u+2r 



C u ,u+r,u+r,u+2r ^ D > u,u+r,u+r,u+2r 

Ru,u+r,u+r,u+2r Ru,u+r,u+r,u+2r 



Then, (" 12 . 2 1 [) can be rewritten as follows 



(2.22) 



q < ^ + Du,u+r,u+r,u+2r ^ 



Ru,u+r,u+r,u 



+2r 



a 2 r + b 2 r 2H 



The second part of proposition [6] implies that 



a 2 r + b 2 r 2H < ^ V{S H +2r _ S H +r) y {S H +r _ 

Then, to prove ( 12.22ft . it suffices to show that 



1 + 



D 



u,u+r,u+r,u+2r 
Ru,u+r,u+r,u+2r 



< 1. 



By corollary [TH R UyU+ryU+r , yU+ 2r < and D u ^ u+ryU+r ^ u+ 2r > 0. The proof of case 1 is 
complete. 



Case 2. H > ± 
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Combining ( I27L9]) with ( 12T2Q|) . we get 



p( S u+r S ui S u+2r S u+r) C U)U+T ^ u+2r Q 2 V + b 2 T 2H 



{M» +r - M*, M» +2r - MX) ^V(S^ +2r - SS +r )V{S» +r - S*) h ^ H ~ X " l ) 



Recall that we have precise expressions of V(S^ +r — S^) and of V(S^ +2r — S^ +r ) by 
the first part of proposition [6] and of C Ui „, S) t by equality ( 12 . 141) . 

Set x = — and denote by A, B and C the functions defined as follows : 

A(x) = 2(x + 2) 2H + (2 2H - 2) - (x + 3) 2H - (x + 1) 2H , 

B(x) = 2 - x 2H - (x + 2) 2H + 2(x + 1) 2H 
and C(x) = 2-{x + 2) 2H - (x + A) 2H + 2{x + 3) 2H . 

Easy computations yield 



- O = ^ (2aV + b 2 r 2H B{x 
V(S» +2r - S» +r ) = \ (2a 2 r + 6 2 r 2 ^(a;)) 



^4(x) (a 2 r + 6 2 r 2H ) 



Then, we have 

n( ^ H _ OH qH CH 
f J \°u+r °u J °u+2r J ti+r 

p(M^ +r - , M M V - M& r ) ~ (2^ " 1) 7Wr + & 2 r 2 "I?(*))(2a 2 r + P^^J 

A(x) a 2 r + b 2 r 2H 

~ {2 2H - 1 - 1) y/B(x)C(x) ^/{2a 2 r/B(x) + b 2 r 2H )(2a 2 r /C{x) + b 2 r 2 ^)' 
Since it has been proved in [?, see]p. 412]TB, that 

M 

(221T-1 _ 1) V /Sp C (x) - 

we get 

f oH _ oH oH _ oH \ 



p(Mf +r - M£ 2r - M* r ) y/[2^r/B{x) + 6V^)(2a 2 r/C(x) + 6 2 r 2 ") 

Therefore it suffices to show 

a 2 r + b 2 r 2H <2a 2 r/B(x) + b 2 r 2H and a 2 r + b 2 r 2H < 2a 2 r/C(x) + b 2 r 2H , 
that is 

< B(x) < 2 and < C{x) < 2. 
13 



Let us show the first double inequality. Since by lemma [2] 

b 2 r 2H B(x) = 2V (b(£ H (u + r) - , 

B(x) > 0. Moreover, since the function x — > x 2H is convex for H > 1/2, B(x) < 2. 
Similarly, we can establish < C(x) < 2. 

The proof of the lemma is complete. 
■ 

In [12], it was proved that the increments of the mfBm (Mf 1 (a,b)) are short-range 
dependent if, and only if H < ~. To end this subsection, let us show that for every 
H e]0,l[, the increments of (S^(a, b)) t m+ are short-range dependent. For convenience, 
let us introduce the following notation 

C(p,n) = Cp ;P+ i jP+ni p +n+ i, 

where p and n are integers with n > 1. 

We get by ( 12141) 

C{p,n) = ^(n + l) 2H -2n 2H + (r2-l) 2 ^-(2p + n + 2) 2H + 2(2p + n + l) 2 ^-(2p + n) 2// j. 

A third-order Taylor expansion enables us to state the following lemma. 

Lemma 17 For any < H < 1 and we have when n — > +oo 

C(p, n) = (2(1 - H)H(2H - l)(2p + 1)6 2 ) n 2 "" 3 + o(n 2H ~ 3 ), 
and consequently 

n>l 



3 Semi- martingale properties 

In the sequel, we assume b ^ 0. For any process X, set 

A]X(t) = X(jt/n) - X((j - l)t/n), j e {1, ..n}. 
Denote by A n the quantity defined as follows : 

14 



Lemma 18 • If H < \, then lim A n = +00. 

71— >+oo 

• IfH=\, then A n = (a 2 + b 2 ) t. 

• If H > h, then lim A n = a 2 t. 

Proof. Since the processes B and Bh are independent, we have 

E i^S{t)\ =yE (^A]B(t) + A]B(-t) j + ^ E f A?S H (t) + A]B H (-t) 
Using equality ( II. ip . direct computations imply 



9 M 



and hence 



9 rj 

A n = a 2 t+ b 2 t 2H n l ~ 2H + 2 2H b 2 ^ w J2 ' 



Let us consider the function / defined as follows : 

, 2x - 1 \ x 2g + (x - l) 2g 

A X ) = n o ' X ^ °- 



We deduce from convexity properties that, when H < 1/2, f(x) > 0, when H 
1/2, /(x) = and when H > 1/2, /(x) < 0. We have also 

/M ^ g [[^lV g "-^-' + (;- 1 ' 2g "i, x>o. 



To determine lim A n , we have to consider the following three cases. 

n— >+oo 



Case L H < 1/2 

Since /' < 0, for every j G {1, ..,n}, 



. 2H 

2n - 1 \ n 2H + (n - 1) 2H 



When n is large enough, we get 



a 2 t+ b 2 t 2H n x - 2H + 2 2 " b 2 t 2H ( - H{2H 1} + of- ] I < .4,, 

An \n> 

15 



and therefore, since b ^ 0, 

lim A n = +00. 

Case 2. H= 1/2 
We obviously have 

A n = (a 2 + b 2 ) t. 

Case 3. H > 1/2 

Since /' > 0, / increases from /(l) = ^ir — \ to 

/w - - + ( r ir < ° 

When n is large enough, we get 
a 2 t+b 2 t 2H n l ~ 2H + 2 2H b 2 t 2H n 1 " 211 ' ' ' 



2 2 ^ 2 



< A n < a 2 t + 5 2 t 2 " n 1 - 2 ^ + 2 2 "+ b 2 t 2H ( _WLJl + ( I 

\ 4n Vn 



and therefore 



lim A n = a t. 

n— >+oo 



This completes the proof of the lemma. 
■ 

Let us now recall the Bichteler-Dellacherie theorem [?, seejsection VIII.4]DELL. 

Theorem 19 Assume that a filtration T = (J~t)o<t<T, < T < +00, satisfies the usual 
assumptions, i.e. it is right- continuous, Tt is complete and To contains all null sets 
of Tt- An a.s. right- continuous, ^-adapted stochastic process {X t ,0 < t < T} is a 
F -semi-martingale if and only if 

is bounded in L° , where 

{n-l 
fj n e N, < t < < t n < T, 

3=0 

Vj, fj is J r tj measurable and \ fj \< 1, with probability 1 \, 

and 

n-l 

3=0 
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Following the same lines as those of [3], we introduce two definitions. 



Definition 20 A stochastic process {X t ,0 < t < T} is a weak semi-martingale with 
respect to a filtration J 7 = (J"i)o<t<T if X is J- '-adapted and Ix^fiiJ 7 )^ is bounded in L°. 

We insist on the fact that if a process X is not a weak semi-martingale with respect 
to its own filtration, then it is not a weak semi-martingale with respect to any other 
filtration. 

Definition 21 Let {X t , < t < T} be a stochastic process. We call X a weak semi- 
martingale if it is a weak semi-martingale with respect to its own filtration T x = (J rX )o<t<T 
We call X a semi-martingale if it is a semi-martingale with respect to the smallest filtra- 
tion that contains T x and satisfies the usual assumptions. 

Let us determine now the values of H for which the smfBm is not a semi-martingale. 

Corollary 22 If < H < | ; then the smfBm S H (a,b) is not a weak semi-martingale. 

Proof. A direct consequence of lemma [18] is that since < H < \ and b ^ 0, the 
quadratic variation of the smfBm is infinity. To complete the proof of the corollary, it 
suffices to apply proposition 2.2 of [3, pp. 918-919]. 
■ 

The study of the case H > 3/4 is based on a result of [U p. 348]. We insist on the 
fact that this method is different from the one which was used in [3]. 

Proposition 23 For every T > 0, H g]|, 1[, and a ^ 0, the smfBm 

S H (a,b) = {Sf(a,b),t e [0,T]} 

is a semi-martingale equivalent in law to a x B t , where {B t ,t 6 [0,T]} is a Bm. 
Proof. The smfBm S can be rewritten as follows 

V t E R + Sf(a, b) = a (it + -ef ) 

where £ and £ H have been introduced by equation ( 11. 3j) . Recall that the processes £ and 
£ H are independent. 

The covariance function of the Gaussian process - £ H 

a 



R(s,t) = 
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is twice continuously differentiable on [0,T] 2 \ {(s,t);t = s}. 

d 2 R 

ng to [H p. 348], it sutlices to verity 

the process 



According to [1, p. 348], it suffices to verify G L 2 ([0,T] 2 ), in order to show that 

CJoCJL 



{6 + ^Ve[o,T]} 

is a semi-martingale equivalent in law to a Bm. 
We have for any (s, t) G [0, T] 2 \ {(s, t); t = s} 



H(2H-1) (\t-s \ 2H - 2 -(s + tf 



dsdt a? 

3 <9 2 i? 

It is easy to check that if H > —, then - — G L 2 ([0,T] 2 ). This completes the proof 
of the proposition. 
■ 

To study the case H e] 1/2, 3/4], we follow the same lines as those of [3]. But many 
technical results have to be proved. Let us first recall the definition of a quasi-martingale. 

Definition 24 A stochastic process {X t ,0 <t<T}isa quasi-martingale if X t G L 1 for 
all t G [0, T], and 



n-l 

■x 



< + oo, 

1 



sup^||E(x tj+1 -X t J^ 
where r is the set of all finite partitions 

= t <t 1 < ...<t n = Tof [0,7]. 

In the following key lemma, we will specify the relation between quasi-martingale and 
weak semi-martingale in the case of our process S H . 



Lemma 25 // S H is not a quasi-martingale, then it is not a weak semi-martingale. 
Proof. 

Let us assume that S H is a weak semi-martingale. Then, by theorem 1 of [TU], we 
have 

i SH ((3(r sH )), 

which was defined in theorem [191 is bounded in L 2 , and therefore in L 1 . 
But, for any partition = t < t 1 < .. < t n = T, 



n-l 

sgn ( E ( S% +1 - S£ | Jf ) ) l ]tj>tj+l] G 0(F 

3=0 
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and 



n— 1 



0=0 



n— 1 



7f -Sf) 

h+i h J 



s? -s? 

t ]+ l tj 



3=0 
n-1 



iH _ qH\ 

^ J 



u 



= TjE (sgn E - S« | E (s« , - S*) 



n-l 

E 

3=0 



Then, S H is a quasi-martingale. The proof of the lemma is complete. 



The following lemmas deal with the two last cases 1/2 < H < 3/4 and H = 3/4. 
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Proposition 26 If H E -, - , then the smfBm S H (a,b) is not a quasi-martingale. 



Proof. For n E N and j E {1, 2, ...,n}, let us denote 

An Q_ff Q_ff qH 
jD — O Tj — O T(j-l) • 
n n 

Since conditional expectation is a contraction with respect to the L 1 — norm, we have 
all n G N and all j = 1, ...,n — 1, 



E( A] +l S H \A]S H 



< 



e(a™ +1 ^|j|") 



Moreover, since E( A™ +1 S H \A™S H ) is a centered Gaussian random variable, 



e(a] +1 S h \A?S h> ) i = ^ E(A™ +1 S H |A^) 
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Consequently, 



n-l 



II V 71 

3=1 



II 



(3.1) 



> 



Cov(a] +1 s h ,A]S 



n-l 

£ 



n r>H 



Cau(A]S H ,A]S H 



A]S 



2 g C7ou(A£ H S ,ir ,A?S ,i 
^ i =1 JCov(A]S h ,A]S h 



We have by lemma [TBI 



C^A^S^A^*) = C 



T(j-l) Tj Tj T(j + 1) 



b 2 T 2H 
2n 2H 



(2 2H {2j 2H + 1) - 2 - (2j + l) 2 " - (2j - 1) 



2i 



Combining proposition with the fact that 2H > 1, we get 



Cov[A]S H ,AJS H 



T h 2 T 2H 

a 2 - + 



n n 



2iJ 



(j 2i/ +(j-in + (2j-ir+i 



< -| ar T + b z T 

n 



2 ^ _ 2 2H-1^2H + (j _ 1)2 H } + (2j _ X) 2H + ^ 



Then, 



2 



n-l 



■it ; 



2^-2^ Uj 2 n 2 " - 



n z — ' i>,- 

3=1 3 . 



where we have for any n G N*, 

u n = 2 2H (2n 2 " + 1) - 2 - (2n + l) 2 " - (2n - 1) 2H 

and 



T + b 2 T 2H ( — 2 2H ~ 1 (n 2H + (n - l) 2 ^) + (2n - l) 2H + l) . 



Since 



u. 



l2H 



lim 

n^+oo t; n Va 2 T + b 2 T 2H 
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we have by Cesaro theorem that 



n-l 



1 u 
lim — y — 

n->+oo Tl ^— ' V; 

j=l 3 



-)2H 



Va 2 T + b 2 T 2H 



Hence, since - < H < — and 



2^-2 



by using (13. ip that 



4 a/o 2 T+ft 2 T 2H 



> 0, we have lim I n = +oo. Then, we get 



n-l 

bupx;||e(^ +1 -^ 

T j=0 



+ oo. 



This completes the proof of the lemma. 



Proposition 27 The smfBm S 4 (a,b) is not a quasi-martingale. 

Proof. Since conditional expectation is a contraction with respect to the L 1 — norm, we 
have for all n £ N and all j — 1, n — 1, 



E(A] +1 S*\A]S*,...,A1S* 



< 



Moreover, since EyA™ +l S-± (A™,? 4 , A^S* 4 J is a centered Gaussian random variable, 

E(A] +1 S-*\A]Si, A^t) ^ = j| ||e(a™ +1 ^|A^ ; A^t 
Consequently, 

n— 1 nr~ ri— 1 



j=i ' i=i 

and the lemma is proved if we show that 

n-l 



(3.2) 



Jim ^||E(A^ +1> sl|A^f,...,A^ 



3=1 



+ OO. 



For n £ N and j = 1, n — 1, 

(A" +1 sf,A^f,...,A^f) 
is a Gaussian vector. Therefore, 



(3.3) 



E(A? +1 st|A^V..,A?£!) =J2 h A n k S 



k=l 
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where the vector b 



solves the system of linear equations 



(3.4) m = Ab, 

in which m is a j— vector whose k — th component is 

Cov(A" +1 S*,A%Si 



V 3+ 

and A is the covariance matrix of the Gaussian vector 

Note that A is symmetric and, since the random variables 
are lineary independent, A is also positive definite. It follows from ( 13. 3 p and (13 ,4p that 



(3.5) 



e(a] +1 s*\a?s*,...,ais* 



b T Ab = m T A~ 1 m > \\m\\l\-\ 



where A is the largest eigenvalue of the matrix A. Set I the identity matrix and C = 
{Ci,k)i<i,k<j the covariance matrix of the increments of the sfBm with index 3/4. We have 



.4 



a 2 T 



n 



I + b 2 C, 



and consequently 



(3.6) 



n 



+ b z fi, 



where fi is the largest eigenvalue of the matrix C. We deduce also from lemma [TBI 



a 



ik 



2n 3 / 2 



(\k-i\+l) -2 | k-i | 3/2 + || k 



•1 | 3/2 



where 



and 



+2 (k + % - 1) 3/2 — (k + if 2 - (k + i — 2) 



3/2 



T 3/2 

2n 3 / 2 



(-^ifc + Fife), 



3/2 



k-i\+l) + II ifc-i I -1 | 3/2 
F jfc = ^ U-.l 3 / 2 



F ife = 2 (A; + i - 1 



/2 _ (fc + ,)3/2 + (fc + j _ 2) 



3/2 
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Note that the convexity of the function x — > x 3 ^ 2 , x > 0, implies that E ik > and 
F ik < 0. Moreover, since H = 3/4 > 1/2, corollary [TJ yields C ik > 0. 

So, using the Gershgorin circle theorem [7j we obtain 

i ^3/2 i 



/j < max | C ik \< , max }E, 

k=l,..,j ^ 2 n 3 / 2 k=l,..,j *-^> 

and consequently 



/A. ; 



fc=l fc = l 



^ Stf /HKfW_ |t _ i|3/1 



fc=i 



T3/2 E ( (i fc - 1 1 +1 ) 3/2 + ii k - 1 1 - 1 1 3/2 - 2 i fc - 1 1 3/2 



n 3/2 

fc=l 



^11 [ (Jfe' + l) 3 ' 2 - 2 A;' 3 / 2 + | k' - 1 l 3/2 



n 3/2 

k'=0 



T3/2 (l+J 3/2 -(j-l) 3/2 



3/2 



., > , 1 1 d(x 3 ' 2 ' 
< T 3/2 — — + — 7777 max 



n 3/2 n 3/2 j-l< x <j d,X 
~ 2 71 

Hence combining equality (13 .6p with the above result, we obtain 



(3.7) \- x >an, 

where a = — — 77777777777. 

T(2a 2 + hb 2 T 1 / 2 ) 

Next, let us determine a suitable lower bound of H^H 2 ;. From the lemma [TBI we have 



(3.8) 

where 
and 



\nm J2(Cov(A] +1 S-*,A n k S* 

^£(/i(*) -/>(*) 



h(k) = (j-k + 2) 3 / 2 - 2(j - k + I) 3 / 2 + (j - k) 3/2 
f 2 ( k ) = (j + k + I) 3 / 2 - 2(j + k) 3 ' 2 + (j + k- I) 3 / 2 . 



The functions f\ and /2 satisfy three properties, which we shall use at the end of the 
proof. We will state them in the following technical lemma. 
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Lemma 28 For any k 6 {1, .., j} 



f\(k) > and f 2 {k) > 0, 
fi(k) - f 2 {k) > 0, 



(3.9) h{k) - f 2 (k) >^((j-k + I)- 1 ' 2 -(j + k- I)' 1 / 2 ) > 0. 



Proof, (of lemma [281) The first assertion of the lemma is due to the fact that the function 
x i — y x 3 / 2 is convex on the interval [0, +oo[. 

Now, let us prove the second assertion of the lemma. Consider the function g defined 

by 

g(x) = (x + 1 

)3/2 _ 2 x 3/2 + ( x _ 1 )3/2 ) 

X > 1. 

Since the function x i — )• x 1 ^ 2 is concave on [l,+oo[, g decreases on this interval and 
consequently 

f 1 (k) = g(j-k + l)>g(j + k) = f 2 (k). 

Finally, let us prove inequality (13. 9p . For every a > 1, let us consider the function g a 
defined by 

g a (x) = (a + x) 3/2 - 2 a 3/2 + (a - x) 3/2 , < x < 1 < a. 
/ 3 

We have g- a (0) = 0, g a (x) = - ((a + x) 1/2 - (a - x) 1/2 ) and therefore ^(0) = 0. 

On the otherhand, by Taylor- Lagrange theorem, we get that there exists c e]0, 1[ such 
that 

g a {\) = g a (0) + g'M + -g" a (c) = -g" a (c), 

where 

9a(x) = l ((a + xy^ + ia-x)- 1 / 2 
Next, it is easy to check that the function g" a increases, and consequently 

gl(0)<g a (c)<gl(l). 

So, we have 

3 3 
TaJJ^ ~ 9a{ ) ~ 4(a-l)V2' 

and therefore 



h{k)=9 3 -k + i{l)>\{j-k + l)- 1 / 2 and f 2 (k) = g j+k (l) < | (j + k - l)^ 2 , 
which ends the proof of the lemma. 
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Let us turn back to the proof of proposition [271 Combining (I3.8P with (13. 9p . we get 

Q /i 4 T 3 _ J _ / \ 2 

(3.10) W ||£"r£(o_ fc + 1) -V»_y + 

fc=2 

For every integer j > 1, let us consider the function 

/.(x) = (j - x + l)- 1 / 2 -U+x- l)- 1 / 2 , 1 <x <j. 
Since /j increases, we have 

(3.H) £ ((j - fc + 1)- 1/2 - (j + A: - 1)- 1/2 ) 2 > T /.(a;) 2 dr. 

k=2 ^ l 



But 



fAxfdx = I I- — - — - + - — - - 2 - 1 I dx 

JK ' Ji \j-x + l j+x-1 -{x- iy 1 

( 3 - 12 ) = ln(2j-l)-2 [ 3 1 — dx 

Ji \/f ~(x- l) 2 



= ln(2j — 1) + 2 arccos^- — : — j — n. 
Hence, combining 032) with fl3TT0|) . f l3~TT|) and f l3~T2|) . we get 

(3.13) ||m|| 2 A" 1 > 4r fln(2j - 1) + 2 arccosf — 1 

n 2 \ \ j 



where /3 = ^-(9 T 3 6 4 ) 
64 



Combining (13. 13ft with H3.5j) . we have, 



n-1 



- ~~ £ J ln (2j - 1) + 2arccos(^— - 



n 



7T. 



Since lim \/\n(2n — 1) + 2arccosf \ — n = + oo, we have by Cesaro theorem 

rwoo V \ n / 



lim -^-^ J\n(2j — 1) + 2arccos^ 
which completes the proof of proposition 1271 



— 7T = + OO, 
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